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^-COMPACT MAPPINGS 


PABLO TURCO 

Abstract. For a fixed Banach operator ideal A, we use the notion of A-compact sets of 
Carl and Stephani to study A-compact polynomials and A-compact holomorphic mappings. 
Namely, those mappings g: X ^ Y such that every x G X has a neighborhood 14 such 
that 3 ( 14 ) is relatively A-compact. We show that the behavior of A-compact polynomials 
is determined by its behavior in any neighborhood of any point. We transfer some known 
properties of A-compact operators to A-compact polynomials. In order to study A-compact 
holomorphic functions, we appeal to the A-compact radius of convergence which allows us 
to characterize the functions in this class. Under certain hypothesis on the ideal A, we give 
examples showing that our characterization is sharp. 


Introduction 

In the theory of Banach operator ideals, some classes are characterized by the nature of 
their image on some neighborhoods of the origin of a Banach space. For example the classes of 
continuous, compact and weakly compact linear operators. These Banach operator ideals are 
called surjective. Based on this, several authors had introduced and studied different classes 
of functions between Banach spaces (in particular polynomials and holomorphic mappings) 
somehow extending this property, see for instance [2, 5, 4, 3, 6, 17, 18, 23]. 

One of the first articles which consider polynomials and holomorphic functions of this type 
is due Aron and Schottenloher [6]. Here, the authors introduce compact polynomials and 
holomorphic mappings as follows. For Banach spaces X and Y and x E X, a. holomorphic 
function (resp. polynomial) f: X ^ Y is compact at x if there exist £ > 0 such that 
f{x + sBx) is a relatively compact set in Y. Also, / is said to be compact if it is compact 
at X for a\\ X E X. In [6] several characterizations of compact holomorphic mappings 
and polynomials analogous to those of compact linear mappings are given. For instance, a 
holomorphic mapping is compact if and only if it is compact at the origin. Motivated by 
this work, Ryan [23] carried out a similar study of weakly compact holomorphic mappings, 
obtaining similar result to those in [6]. In 2000, Gonzalez and Gutierrez [17], using the 
theory of generating system of sets of Stephani [25], extend some of the results of [6] and 
[23] to a wide class of holomorphic mappings. 
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In 1984, Carl and Stephani [10] introdnced the notion of relatively ^-compact sets as 
follows. Given a (Banach) operator ideal A, a set iC of a Banach space X is relatively 
^-compact if there exist a Banach space Z, a compact set L C Z and a linear operator 
T G A{Z]X) snch that K C T{L). Sinha and Karn [24] dehned, for 1 < p < oo, relatively 
p-compact sets which, by [19], coincides with relatively AA^-compact sets. Here stands 
for the ideal of right p-nnclear operators, see for instance [22, p.l40] for the dehnition of this 
ideal. 

Aron, Maestre and Rueda begin with the stndy of p-compact polynomials and p-compact 
holomorphic mappings, whose dehnition is obtained by generalizing in a natural way that 
of compact polynomials and holomorphic mappings. In light of [2, 3, 18], the behavior of 
p-compact polynomials is, in some sense, analogous to the behavior of p-compact operators. 
However, in [18], Lassalle and the author show that this is not the case for p-compact 
holomorphic mappings. For instance, [18, Example 3.8] exhibits a holomorphic mapping 
which is p-compact at the origin which fails to be p-compact. 

The aim of this work is to extend the results obtained in [18] for p-compact mappings to 
the Al-compact setting. 

The article is organized as follows. In the hrst section we introduce some notation and 
state some basic results on Al-compact sets. In Section 2 we study Al-compact homogeneous 
polynomials. We show that this class hts in the theory of locally /C^t-bounded homogeneous 
polynomials studied in [4]. Also, we show that Al-compact homogeneous polynomials are 
a composition ideal of polynomials (see dehnitions below). This allows us to transfer some 
properties of Al-compact linear operators to Al-compact homogeneous polynomials. In par¬ 
ticular, we show that Al-compact n-homogeneous polynomials forms a coherent sequence in 
the sense of Carando, Dimant and Muro (see dehnitions below). 

Section 3 is dedicated to the study of Al-compact holomorphic functions. We dehne an 
Al-compact radius of convergence and we show that a function is Al-compact at some point 
if and only if all the polynomials of its Taylor series expansion at that point are Al-compact 
and the Al-compact radius of convergence is positive. As a counterpart. Example 3.12 shows 
a holomorphic mapping whose polynomials of its Taylor series expansion at any point are 
Al-compact, but the function fails to be Al-compact at every point. Also, we show that if 
a holomorphic function f: X ^ Y is Al-compact at some Xo, then / is Al-compact for all 
X E xq + rBx, where r is the Al-compact radius of convergence of / at xq. This result is 
sharp, since Example 3.10 exhibits a holomorphic mapping f: ii ^ X which is Al-compact 
at the origin, its Al-compact radius of convergence is 1, but it fails to be Al-compact at Ci, 
the hrst canonical vector of 

For general dehnitions concerning Banach operator ideals, we refer to the reader to the 
book of Pietsch [21] and of Defant and Floret [12]. Also, the books of Diestel, Jarchow and 
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Tonge [13] and of Ryan [22], For a general background on polynomials and liolomorpliic 
functions, we refer to the book of Dineen [14] and that of Mujica [20]. 

1. Preliminaries 

Throughout this paper, X, V and Z are complex Banach spaces. We denote by Bx the 
open unit ball of X. By X', X",... we denote de topological dual, bidual, ... of X. For a 
subset M <Z X, co{M} denotes the absolutely convex hull of M. 

We denote by C^{X]Y) the space of all continuous n-linear mappings from X to Y. As 
usual, C^{X]Y) = C{X]Y) is the space of all continuous linear operators and we identify 
CP{X] Y) = Y. A function P; X —)■ P is said to be a continuous n-homogeneous polynomial 
if there exists U G £"'(X; X) such that P(x) = U{x,... ,x) for all x E X. With P”(X; Y) we 
denote the vector space of all continuous n-homogeneous polynomials. Also, when Y = C 
we write P”(X) instead of P’^(X; C). The space P’^(X; X) is a Banach space if it is endowed 
with the norm 

||P|| = sup ||P(a;)||. 

xGBx 

V V 

Given P G P"(X;X), P stands for the unique symmetric continuous n-linear map, P G 

P”(X; X) such that P{x ,..., x) = P(x) for all x G X. If Xq G X, P G V^{X] X) and j < n, 
we denote by 

P^^^[x) = P{xo\x^-^) = P(xo,^’ .*P®^xo,x,"P 

Note that P j G P”“^(X;X) and that {P h)j 2 = Pji+i 2 if ji + p < n. 

An ideal of homogeneous polynomials Q is a subclass of all continuous homogeneous 
polynomials between Banach spaces such that, for all n G IN, the components Q’^(X;X) = 
P"(X; X) n Q satisfy: 

(a) Q”(X;X) is a linear subspace of P"'(X;X) which contains the n-homogeneous polyno¬ 
mials of hnite type. 

(b) If T G C{Z; X), P G P”(X; X) and R G £(X; W), then the composition ToPoRe 
Q"(X;X). 

Q is a Banach polynomial ideal if over Q is dehned a norm || ■ ||q such that 

(a) Q”(X; X) endowed with the norm || ■ ||q is a Banach space for all Banach spaces X and 

X. 

(b) IIP": C —)■ C: P"(x) = x"||q = 1 for all n G IN. 

(c) If T G £(Z;X), P G P"(X;X) and P G /:(X; IX), then \\T o P o R\\q < ||T|| ||P||q||P||". 
The case n = 1 covers the classical theory of Banach operators ideals. 
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We denote by /C and W the (Banach) ideals of approxiniable, compact and weakly 
compact operators. In general, we use A for a general Banach operator ideal, which is 
endowed with a norm || ■ ||_ 4 . 

For a Banach operator ideal A, an operator T G C{X-,Y) belongs to the surjective hull 
of A, A^^^, if there exist a Banach space Z and a linear operator R G A{Z]Y) such that 
T{Bx) C R{Bz). The norm on A^^'^ is defined as 

IITIU... = inf{||i?|U: T{Bx) C R{Bz)}, 

and makes it a Banach operator ideal. Also, we say that A is surjective if ^ = A^'^^ 
isometrically. 

For a Banach operator ideal A, a. set M G X is ^-bounded if there exist a Banach space 
Z and a linear operator T G A{Z-, Y) such that M C T{Bz), see [25]. In the case of ^ = W, 
the W-bounded sets coincide with the weakly compact sets and it A = X, we obtain the 
compact sets. A particular case of ^-bounded sets are the (relatively) ^-compact sets of 
Carl and Stephani, which were introduced in [10]. For a fix a Banach operator ideal A, a 
subset iC of X is said to be relatively ^-compact if there exist a Banach space Z, an operator 
T G A{Z]X) and a compact set M C Z such that K C T{M). A sequence {xn)n C X is 
^-null if there exists a Banach space Z, an operator T G A{Z-,X) and a null sequence 
{zn)n C Z such that Xn = Tzn for all n G IN. Also, from [19, Proposition 1.4] we have 
that a sequence (x„)„ C X is ^-null if and only if, {xn)n is relatively ^-compact and norm 
convergent to zero. The size of a relatively ^-compact set is dehned in [19] as follows. For 
a relatively ^-compact set X C X, 

m^(X,X) = inf{||T|U: K C T(M), T G A(Z;X) and M C Bxj, 

where the inhmum is taken considering all Banach spaces Z, all operators T G A(Z;X) and 
all compact sets M C Bz for which the inclusion K C T{M) holds. If a set X C X is not 
^-compact, we set m_ 4 ^{K,X) = oo. Note that, if Xi,X 2 C X are relatively ^-compact sets 
and A G C, we have the inequality 

m^(AXi + X2,X) < |A|7n^(Xi,X) + 7n^(X2,X). 

Also, if X C X is a relatively Al-compact set, then co{X} is relatively Al-compact and 

m^(X,X) = m^(co{X},X). 

Observe that the relatively X-compact and the relatively X-compact sets coincides with the 
relatively compact sets. Also, if Al = Af^ (1 < P < cxo), the relatively A/”^-compact set are 
precisely the relatively p-compact sets of Sinha and Karn [19, Remark 1.3]. A linear operator 
T G X(X; Y) is said to be Al-compact if T{Bx) is a relatively Al-compact set in Y. The space 


5 


of all ^-compact operators from X to y is denoted by /C^. This space becomes a Banach 
operator ideal we endow it with the norm (see [19]) 

\\T\\ic^ ^ nAT(.Bx),Y)- 

In particular, for 1 < p < cx), }Cj\fp = ICp, the Banach ideal of p-compact operators of Sinha 
and Karn [24], 

Finally, recall that a function f: X ^ Y is holomorphic if for every xq G X, there exist 
r > 0 and a (unique) sequence of polynomials Pnf{xo) G V"‘{X-,Y) such that 

OO 

/(^) = '^Pnf{xo){x - Xo) 
n=0 

uniformly for a; G Xq + rBx- This sum is called the Taylor series expansion of / at Xq. The 
space of all holomorphic function from X to T is denote by ^{X^Y) and, when T = C, 

n{x). 


2. ^-COMPACT POLYNOMIALS 

Aron and Rueda [4] introduced the class of locally ^-bounded polynomials by considering 
the theory of generating system of sets of Stephani. For a Banach operator ideal A, an n- 
homogeneous polynomial P G V"'{X;Y) is locally ^-bounded if P{Bx) is ^-bounded. The 
vector space of all locally ^-bounded n-homogeneous polynomials from X to R is denote by 
V^{X] Y) and it becomes a Banach space endowed with the norm 

||p|U = inf||r|U, 

where the inhmun is taken over all the Banach spaces Z and operators T such that the 
inclusion 

P{Bx) C T{Bz) 

holds [4, Theorem 3.4], It is clear that, for a hxed Banach operator ideal A, X_ 4 -bounded sets 
are relatively ^-compact sets. Now, combining [10, Theorem 2.1] with [19, Corollary 1.9], 
relatively ^-compact sets are /C^i-bounded sets. Hence P G P^^(X; Y) if and only if P maps 
bounded sets into relatively ^-compact sets. Every X^-bounded homogeneous polynomial 
will be called ^-compact homogeneous polynomial. Also, from [19, Corollary 1.9] we may 
conclude that if P G P£^(X; F), then 

\\P\k_, = mj^iP{Bx),Y). 

Since satishes Condition F in [4, p. 965] and X^ is surjective [10, p. 82], by [4, 
Corollary 4.6] P£^ is a composition ideal of polynomial. This last concept was introduced 
in [8]. In the case of ^-compact n-homogeneous polynomials, we improve [4, Corollary 4.6] 
using the linearization of polynomials. We denote by the completion of the symmetric 
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n-tensor product endowed with the symmetric projective norm vr^, A G X) is 

dehned by A(x) = and, for a n-homogeneous polynomial P, Lp G P((S) 7 rs^j X) denotes 
the unique linear operator such that P = Lp o A. The following extends [18, Lemma 2.1], 

Proposition 2.1. Let X and Y be Banach spaces and A be a Banach opeartor ideal. Then, 

-—-n 

P ^ P]cj^{X-,Y) if and only if Lp G F). Moreover, ||P||/c^ = ||Lp||^_^. 

Proof. Note that x ~ co{(8)”x: ||a:|| < 1} [16, p.lO]. Hence, th result follows by consid- 
ering the inclusions 

P(Bx) C Lp(Bg. x) C co{P(Bx)}. 

'O'tts 

□ 

As an immediate consequence, we have the following result. 

Corollary 2.2. Let X and Y be Banach spaces and A be a Banach operator ideal. Then, 
P G P£^(X;F) if and only there exist a Banach space Z, an A-compact operator T G 
/C^(Z; Y) and an n-homogeneous polynomial Q G P”(X; Z) such that P = ToQ. Moreover, 
||P||a:^ = inf{||r||A:^||Q||}, where the infimum is taken over all the possible factorization of 
P as above. 

In the particular case of p-compact polynomials, the above corollary was obtained in [18, 
Proposition 2.1]. 

Proposition 2.1 allows us to transfer some properties of the Al-compact operators to A- 
compact polynomials. Recall that for a Banach operator ideal A, the dual ideal of A, A^ is 
given by 

A\x- r) = {T G C{x- Y)-.re A{Y'- x')}. 

This ideal becomes a Banach operator ideal if it is endowed with the norm 

iniu. = iiT'iu. 

From [19, Corollary 2.4], we have the isometric equality /C^ = K,^. Given a polynomial 
P G V^{X]Y), its transpose P' G £(F;P”(X)) is given by P'{y'){x) = y' o P[x), see [6]. 

Proposition 2.3. Let X and Y be Banach spaces, A a Banach operator ideal and P G 
P"(X;F). Then P G Vx^{X;Y) if and only if P' G K.\{Y']V'^{X)). Moreover, we have 

Proof If P G Vx^{X-,Y), by Proposition 2.1, Lp G R) and ||Tp||k:pi = 

By [19, Corollary 2.4], it follows that Lp G KAjfY’]^^^X) with ||Lp|k^ = ||Lp|k^. Since 
P' = A' o L'p, then P' G 1C‘\{Y'- P”(X)) and 
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For the converse, note that A': —)■ V'^{X) is an isometric isomorphism. Now, 

by assumption, we have that P' = A' o L'p G JC'^{Y'-,V"{X)). Then A'“^ o P' = L'p G 
/Cj^(y'; ((S),rs^)05 therefore Lp G again [19, Corollary 2.4], 

we get that Lp G which, thanks to Proposition 2.1, is equivalent to P G 

Vka (^) ^) • Furthermore, 

= lirplk., = llVpIlq = l|A'-‘ o P'llq < llP'llq. 

□ 

Also, the isometric equality /C^ = /Cjf allows us to show that the Aron-Berner extension 
of an n-homogeneous polynomial is a || • ||^^-isometric extension which preserves the ideal 
of Al-compact polynomials. This extend [18, Proposition 2.4]. Recall that for a polynomial 
P G V"'{X]Y), the Aron-Berner extension of P, P, is the extension of P from X to X" 
obtained by weak-star density [1]. 

Proposition 2.4. Let X and Y be Banach spaces, A a Banach operator ideal and P G 
V^{X]Y). Then, P G V^J^X-,Y) if and only if P E P£^(X";F"). Moreover, we have 

ii^’ik., = iPik... 

Proof. Suppose that P is Al-compact. Since Jy{P{Bx)) C P{Bx"), then Jy{P{Bx)) is a 
relatively Al-compact set and m^{JY{P{Bx))',Y") < ||P||/c^. By [19, Corollary 2.3], P{Bx) 
is relatively Al-compact in Y and mj[{P{Bx),Y) = mj\,{JY{P{Bx)),Y''), which implies that 
FeP£yXiy)and||P||K, <||F||k^. 

Now, take P G Vx^{X-,Y). By Proposition 2.1, Lp is Al-compact with ||Lp||;c^ = ||P||a:^. 
Since P = Lp o A and the Aron-Berner extension preserves the norm [11, Theorem 3] we 
have ||A|| = 1 and 

P(By,) = L" o A(By,) c 

By [19, Corollary 2.4], Lp is Al-compact, which implies that P is Al-compact and 

\\P\\ica < \\Lp\\ica = II-^pII/c. 4 = ll-P|k^) 
which completes the proof. 

□ 

Now we show that Al-compact n-homogeneous polynomials are complete determined by 
their behavior at some point. To this end, we introduce the following notation. For Banach 
spaces X and Y, A a. Banach operator ideal and xq G X, we say that an n-homogeneous 
polynomial P G P”(X; Y) is Al-compact at Xq if there exists e > 0 such that P(xo + eBx) 
is relatively Al-compact in Y. 

First note that P is Al-compact at 0 if and only if P is Al-compact. And we claim that 
this happens if and only if P is Al-compact at every x E X. Indeed, suppose that for e > 0, 
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P{eBx) is relatively ^-compact. Then e"‘P{Bx) is relatively ^-compact, and hence P{Bx) 
is also relatively ^-compact. Now, take x & X. Then, since x + eBx C (|la;|| + s)Bx, we 
have 

P{x + eBx) C P((||a:|| + e)Bx) = 0^)"P{eBx), 

thus P{x + eBx) is relatively ^-compact. 

Now, to show the converse, we need the following lemma. 


Lemma 2.5. Let X and Y be Banach spaces, A a Banach operator ideal, P G V"'{X]Y) 
and xq G X. If P is A-compact at xq then, for any j < n, P{xo)i ^ ^)- Moreover, 

if P{xo + eBx) is relatively A-compact for some e > 0, then 


P{xo)i ||/C^ < Ce,j{xo)mji,{P{xo + eBx), Y) 


where C^jixo) = —4^(lko|| + e)^^ 
n\ e^^ 2 

Proof. Suppose that P{xq + eBx) is relatively .A-compact for some £ > 0. First we will show 
that PxQ is ^.-compact. For any x G X and ^ G C is a primary n-root of the unit we have 

Px^{x) = P{xo,x'^-^) = ^ ^ P(a:o + (n - 

1 > j=o 


see [9, Corollary 1.8]. Then, 


n—1 


P 


XQ \ 


n — 1 


Bx) C 


{n — 1)^ 


-Y,i^P[xo + eBx), 


j=0 


which shows that Pxq is ^.-compact at 0 and therefore, ^.-compact. Moreover, 


71 — 1 P 

ll^xok. ={^)--^mj,{Px,{^^Bx),Y) 

— 1 1 

< (- — r-'—, —^»..4Ecp(io+<rB.v),y) 
e m — 1 r ^ 

V ! j=o 

^ n—1 

- + eBx), Y) 

j=0 

= m^iPixo + eBx), Y). 

e^ ^ n 

Now, since Pxq is M-compact, it is M-compact at xo- Reasoning as above, we get that 
(Pro)xo = P{xor e Vl~^{X- Y) and 















9 


\P, 


{xorwK^ 

(ikoii+^r-^ 


< 

“ £"'“2 (^72 — 1 ) 

^ (ikoii+^r-^ 1 

“ £"-“2 {n — 1) n 
(||xo||+e^"-' 


mA{Pxo{xQ + eBx)X) 

Pxo ||/C^ 

mA{P{xo + eBx),Y) 


n{n — 1) £2n-3 

An inductive argument gives the result. 


— mA{P{xo + eBx):Y). 


□ 


Proposition 2.6. Let X and Y he Banach spaces, A a Banach operator ideal and P G 
V'^{X;Y). The following are equivalent. 

(i) PeV^JXX). 

(ii) There exist xq E X such that P is A-compact at Xq. 

(hi) P is A-compact at 0. 

Proof. We only need to prove that (ii) implies (iii). Suppose that P is .4,-compact at Xq. For 
any x E X we have 

P(x) = P{x + Xo-Xo) = ^ (j^\-iyP{xl, (x + XoY) = ^ r”V-l)^P(^(,p(x-fxo), 

j=0 j=0 ' 

and 

P(Bx) C ^(-l)4")P(„yxo + Bx). 

i=o ' 

By the above lemma, P(xo)j is .4-compact for every j < n, and the result follows. □ 

The above proposition generalizes [2, Proposition 3.3], where the result was obtained for 
p-compact mappings. 

Carando, Dimant and Muro [9] (see also [7]) introduce the concept of coherent sequences 
of n-homogeneous Banach ideals of polynomials associated with Banach ideal of operators as 
follows. Given a Banach operator ideal A, the sequence (4.")^ of n-homogeneous polynomials 
is coherent and associated with A if there exist positive constants A and B such that for 
every Banach spaces X and Y the following conditions hold: 

(a) 4' = 4 

(b) For each P G 4"''''^(X; Y) and Xq E X, P^^ E 4"(X; Y) and 

ll-PxolU" < 4||P||_4n+i||xo||. 

(c) For each P G A^{X;Y) and x' E X', x'P E 4"''''^(X; Y) and 

||x'P|U.+i <P||x'||||P|U.. 
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The sequence fulfills condition (c) with B = 1. Also, = JC^{X-,Y). 

Finally, if P e Y) and Xq G X, by Lemma 2.5, we have G P£^(X; Y) and 

= ^MP(^o + sB^),y) < 

for every e > 0. Hence, choosing e = n||a;o|| in the above inequality, we have 

l|/’«lk^ < (i^)"lkolll|/>lk.. < elkollll/’lk.,^ 

Summarizing, we have proved the following. 

Proposition 2.7. Let A be a Banach operator ideal. The sequence (P£^)n is a coherent 
sequence associated with the Banach ideal /C^. 

3. >f-COMPACT HOLOMORPHIC FUNCTIONS 

In this section we deal with k4.-compact holomorphic functions. For a fixed Banach operator 
ideal A, a holomorphic function f: X ^ Y is said to be k4.-compact at x G X if there exist 
£ > 0 such that f{xo + eBx) is relatively k4,-compact in Y. If / is k4,-compact at every x G X, 
then it is called .4,-compact. We denote by X) the space of all holomorphic mappings 

between X and Y. In the case when A = JC we cover the compact holomorphic function 
defined in [6] and, when A = 1 < p < oo, we cover the p-compact holomorphic function 

defined in [2] and studied in [18]. Recently, Aron and Rueda introduced the 4,-bounded 
holomorphic function [5]. Is not hard to see that 4,-compact and /C^-bounded holomorphic 
functions coincides. 

Aron and Schottenloher established the following result concerning compact holomorphic 
functions [6, Proposition 3.4]. 

Proposition 3.1 (Aron-Schottenloher). Let X and Y be Banach spaces and f G 7{(X;y). 
The following are equivalent: 

(i) / is compact. 

(ii) For all n ^ fi and all x & X, Pnf{x) is an n-homogeneous compact polynomial. 

(iii) For all n E P„/(0) is an n-homogeneous compact polynomial. 

(iv) / compact at 0. 

In [23, Theorem 3.2] Ryan proved that the above result remains valid for functions in the 
class of weakly compact holomorphic mappings. Later, Gonzalez and Gutierrez extended this 
result to the class of 4,-bounded holomorphic mappings, whenever 4 is a closed surjective 
Banach operator ideal [17, Proposition 5]. Recall that closed Banach ideals are those which, 
endowed with the usual norm, forms a closed subspace. Here we will show some coincidences 
but, which is more interesting, some differences when dealing with the class of 4-compact 
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holomorphic functions. Indeed, we will show that, in general ^-compact holomorphic func¬ 
tions behave more like nuclear than compact maps. Our result extend that of [18] given in 
the context of p-compactness. In order to proceed, we will consider the ^-compact radius of 
convergence of a function / at Xq G X, which can be see as natural extension of the Cauchy- 
Hadamard formula considering the ^-compact norm of polynomials. If J2’^=o Pnf{xo) is the 
Taylor series expansion of / at xq, we say that 

ricAf^^o) = l/limsup||P„/(xo)||J(^ 

is the radius of ^-compact convergence of / at xq. If / is not ^-compact at x, then 
ric^{f]x) = 0. When A = we cover the dehnition of p-compact radius of convergence 
[18, Definition 3.2]. 

The key to show that (i) implies (ii) or (iv) implies (iii) in Proposition 3.1 relies in the 
following lemma, whose proof can be found in [6, Proposition 3.4]. 

Lemma 3.2. Let X and Y be Banach spaces and f G 'H{X;Y). For every xq E X, e > 0 
and n G IN the following inclusion holds 


Pnf{xo){eBx) < co{/(xo + eBx)}. 

In particular. Lemma 3.2 implies that if Pnf{xo) fails to be .4,-compact for some n G IN, 
then ric^{f,xo) = 0. Also, if / in l-i{X]Y) is 4,-compact at xq then, for all n G IN, P„/(xo) 
is 4,-compact and, for each n G IN, 


e”||P„/(xo)||Ac,4 = mA{Pnfixo){eBx),Y) < mA{co{f{xo + eBx)};Y). 

Therefore r’^_^(/;xo) > 0. It turns out that the converse also holds. To see this we need the 
following lemma, which extends [18, Lemma 3.1]. 

Lemma 3.3. Let X be a Banach space, 4 a Banach operator ideal and consider (iPn)n « 
sequence of relatively A-compact sets in X. If < oo? then the set K = 

{Er= ,iXj: Xj G Kj} is relatively A-compact and mA{K,X) < ^) ■ 

Proof. Fix e > 0 and j G IN. There exist a Banach space Zj, a compact set Mj C Bzj and a 
linear operator Tj G A{Zj]X) such that Kj C Tj{Mj) and HTjlU — (1 + ^)^AiIIj^ H)- Since 
1 X) < oo, there exists a sequence {(3j)j G Pco such that 'k^Ai.Kjy < 

(1 + e)J2’^^mA{Kj,X). Dehne the Banach space Z = endowed with the norm 

\\z\\z = supjgjfj Il'SjlUj, if ^ = izj)j. Dehne the linear operator T: Z ^ X as T = Xljli 
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TTj, where Tij \ Z ^ Zj is the canonical projection, Htt^H = 1. Since 


3=1 3=1 

oo ^ 

<(l + E)Y,jm^(K,-,X) 

j=l 

CX ) 

- {^+^f^^A{Kj-X) < CX), 

j=i 


then T G A{Z] X) and ||T ||_4 < (1 + e)^ Xljli ^A{Kj] X). Finally, consider the compact set 
M C Bz dehned by M = Thus, K C T{M), which implies that K is a relatively 

^-compact set. Moreover, 


m^K, X) < ||T|U < (1 + £)' ^)- 

i=i 


Since e > 0 is arbitrary, the result follows. 


□ 


Proposition 3.4. Let X and Y be Banach spaces, A a Banach operator ideal Xq E X and 
f G ^{{X; Y). The following are equivalent. 

(i) / is A-compact at xq. 

(ii) For all n G IN, Pnf{xo) G V]l^(X;Y) and ric_,^{f,Xo) > 0. 

Proof. That (i) implies (ii) follows from Lemma 3.2. To see that (ii) implies (i), take e > 0 
such that £ < rA:^(/, xo) and f{x) = Pnf{xo){x — Xq), with uniform convergence in 

Xq + eBxy Hence, we have 

OO 

f{Xo+£Bx) C Xn G Pnf{Xo){£Bx)]. 

n=l 

By Lemma 3.3, to show that /(xq + sBx) is a relatively M-compact set, it enough to see 
that ^A{Pnf{xo){£Bx)', Y) < oo, which is true since 

OO OO oo 

J2MPnf{xo){eBxy,Y) = J2^^MPnf{xo){BxyY) = 5^£"||P„/(cro|k^ 

n=l n=l 72=1 

and e < rx^{f,xo) = 1/limsup ||P„/(a;o)||i(^. □ 

Since /Cyi satisfy condition T, by [5, Theorem 2.7] we can describe the M-compact radius 
of convergence of a function / in Fi^X] Y) aX. Xq E X as 

rxj^if'jXo) = sup{f > 0: /(xq + tBx) is M — compact}. 


With this, M-compact holomorphic mappings have a natural local behavior which can be 
establish in terms of the radius of M-compact convergence. 
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Proposition 3.5. Let X and Y be Banach spaces, A a Banach operator ideal, xq & X and 
/G'H(X;y). Iff is A-compact at xq, then f is A-compact for all x & Xq + ric^{f,xo)Bx- 

Corollary 3.6. Let X and Y be Banach spaces, A a Banach operator ideal, xq ^ X and 
f G ^{{X; Y). If f is A-compact at Xq and Xq) = oo, then f is A-compact. 

In virtue of Proposition 3.5, is natural to ask, for a given function / G 'H{X-,Y) which 
is .4,-conipact at xq G X, if it is .4,-compact beyond xq + riCj^{f,xo)Bx- Thanks to the 
Josefson-Nissenzweig theorem we have, for any Banach spaces X and Y and any Banach 
operator ideal A, an 4,-compact holomorphic mapping / G HjCj^iXiY), whose 4,-compact 
radius of convergence at the origin in hnite. It is enough to consider a sequence C X’ 

with ||x^|| = 1 for all n G IN and {x'^)n pointwise convergent to 0. Then f{x) = 
belongs to 'H(X) and, since it takes values in C, is 4-compact for any Banach operator ideal 
4. Also, since ||x^||"' = = 1, we have rxj^{f,0) = 1. The example can be modihed 

to obtain a vector valued holomorphic function with similar properties. 

However, for a general Banach operator ideal 4, there exist a holomorphic mapping / G 
'H{£i,X) which is 4-compact at the origin with 0) = 1 but / fails to be 4-compact 

at Cl, the hrst element of the canonical basis of ii. To give this example with need some 
lemmas. 

Lemma 3.7. Let X be a Banach space, A a Banach operator ideal and {xj)j G X an A-null 
sequence. Then hmm-j.oo mj\^{co{{xj)j^m}, X) = 0. 

Proof. Take {xj)j C X an 4-null sequence. By [10, Lemma 1.2] there exist a Banach space 
Z, an operator T G A{Z]X) and a null sequence {zj)j C Z such that T{zj) = Xj for all 
j G IN. Hence, given e > 0 there exists jo G IN such that ||. 2 j|| < -p^- Then we have 


co{{xj)jym} C p^T(^co{(p)^>,n}), 


and since co{{zj) C is a relatively compact set. 



□ 


Lemma 3.8. Let X be a Banach space, A and B Banach operator ideals and K G X 
a relatively B-compact set which is not relatively A-compact. Then, there exist a B-null 
sequence (xj)j G X and a increasing sequence of integers 1 = ji < j 2 < jo ... such that if 



(a) lim. 


mB{Lra,X) = 0 . 
ttlj^i^Lm, X'^ OO. 


(b) lim. 
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In particular, the sequence {xj)j is not A-null. 

Proof. Let K (Z X he a. relatively S-compact set which is not relatively ^-compact and take 
a ;B-null sequence {xj)j such that K C co{(a;j)j)}. Let ( 7 ^)^ G be a sequence such that, 
if Xj = ^ for all j G IN, then {xj)j G co,b(X). Note that by the above lemma, for every 
increasing sequence of integers 1 = ji < j 2 < the sequence 

L-m — {^jmAjm + l^ ■ ■ ■ 

satishes limm^oo X) = 0. Then, the result follows once we show that there exists an 

increasing sequence 1 = ji < j 2 < jz ■ ■ ■ such that lim^-i-oo fri_A{Lm,X) = 00 . Suppose that 
such sequence does not exist. Then, there is C > 0 such that, for every choice .. . ,Xj., 

% 2 ,..., Xjj}, X) < C. 

Consider the linear operators R: ii ^ ii and T: ii ^ X which are dehned on the elements 
of the canonical basis {ej)j by 

R{ej) = and T{ej))xj 

and extended by linearity and density. Since T{Bif) C co{(xj)j}, T G Xs{£i',X). Also, 
R G R{ii, Ii) and 

K CT o Ro R{Be,). 

Denote by Sj : —)■ X the linear operator dehned as Sj = T o nj o Ro R, where tij : ii ^ £i 

is the projection onto the hrst j coordinates of C- Note that, for each j G IN, Sj G R{£i; X). 
Since 

\\Sjo - ToRo = ||T O {Me, - TTjo) oRo R\\,Cb < \\T\\icb sup hjl, 

j>jo 

and {'jj)j G cq, the sequence {Sj)j converge to T o R o R. Hence, if we show that {Sj)j is a 
II ■ llAC^’Cauchy sequence, it would imply that T o R o R e X_4^{£i;X) and, as consequence, 
that K is relatively ^-compact, which is a contradiction. Now, for j < k 

Sk — Sj = T o (vTfc — 71 j) o R O R = T o (TTfc — 71 j) o Ro Ro {Tlk — 71 j), 

therefore 

(1) ll-^fc -'S'jlk^ < ||T o(7rfc-7r^)oi?||^^||i?o(7rfc-7rj)||. 


||T o (vTfc - Tij) o R\\^^ = mj^{T o {Tlk - TTj) o R{Be,);X) 

= {^y^xj , yj+i^i+i, • • •, yy^k-i, x ) 

— ^j+li • • • 1 ^k—li A^) 

< c. 


Note that 
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Then, from (1) it follows that 

W^k - < C||i?o (TTfc - 71^)11 = C'sup{| 7 jf/^ |7i+l^^^ • • • l7fc-ir^^}- 

Since ( 7 ^)^ G Bc^, the last inequality shows that {Sj)j is a || • ||A:^-Cauchy sequence, as we 
wanted to show. □ 

Lemma 3.9. Let X be a Banach spaces, A a Banach operator ideal and Xi,... ,Xm G X. 
Fix n G IN and consider the set 

m 

L = {^a'Jxj: {aj)j e Bi^}. 

i=i 

Then L is a relatively A-compact set and m^(L,X) = mu({a;i,... ,Xm},X). 

Proof. First note that since L G E for some finite dimensional subspace E of X and L is 
bounded, then it is relatively 7l-compact. Now, if G ii, G ii for any m > 1 and 

\\{a]^)j\\h < Thus 

{xi,Xm} C L C co{a;i,..., Xm}, 

and the result follow since m_A{{xi ,..., X) = m^(co{a:i,..., Xm}, X). □ 

Now we give an example of a holomorphic function which is 7l-compact at the origin but 
this property does not extend beyond the ball with center at 0 and radius 0). Since 

this function is 7l-compact at 0, in particular is compact at 0 and, by [ 6 , Proposition 3.4], 
the function is compact. The example shows that, with some hypothesis, the function can 
be taken to be S-compact for some Banach operator ideal B. The construction is based on 
[15, Example 11] and [18, Example 3.8]. As usual {ej)j is the canonical basis of ii and (e')j 
is the sequence of coordinate functionals on £ 1 . 

Example 3.10. Let X be a Banach space, A and B Banach operator ideals such that there 
exists a relatively B-compact set which not is A-compact. Then, there exist a B-compact 
holomorphic function f G FL/Cigiii', X) such that f is A-compact at 0, but fails to he A- 
compact at ei. 

Proof. By assumption, as a consequence of Lemma 3.8, there exist an ;B-null sequence {xj)j C 
X which is not 7l-null and a increasing sequence 1 = ji < j 2 ,... such that, with 

we have limfc^oo(^B(Tfc, = g and lim^^oo Xy^^ = 00 . For each j G IN such that 

jk <j< jk+i - 1 consider 

Xj 


and Lk 
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Routine arguments show that hmfc_j.oo(?reg(-hfc, = 0 and = 1. 

Fixed n > 2, dehne the u-homogeneous polynomial G P”(£i;X) by 


in+l-l 

Pn{z) = e’^{zfxj. 

j=jn 


Note that 


jn+l-l 

Pn{Bi,) P{Y ^ ^ ^^l}’ 

j=jn 

then Pn e V^^{ii,X) and, by Lemma 3.9, HPnlke < mj 3 {Ln,X). Since ||P„|| < HPnlks) 
then hm„_,.oo ||Pn||^^” = 0 and following [20, Example 5.4], we may dehne an entire function 
/ G 'H{ii]X) as f{z) = I]„> 2 -Pn(a;)- Moreover, since for every n > 2, Pn/(0) = P^, 
lb(/, 0) = 1/ms{Ln, XyP = oo. Then, by Corollary 3.6, / G Pa:b(^i;-^)- Also, note 
that Pnf{0) G V]l^{ii,X) for all n > 2 and, again by Lemma 3.9 limsup ||P„/(0)||^^” < 
m_A{Ln,XYP = 1. Hence rfc^{f,0) > 1 and / is M-compact at 0. In order to see that 
rfc_^(f, 0) = 1, hx n > 2 and e > 0. Take Zj G such that 


e[{zj) = 1 — £, Pj{zj) = e and e'ki^j) = 0 forj Y 
Then, for each < j < jn+i , Pn{zj) = (1 — e)"‘~^e‘^Xj, which implies that 

(I_e)"-VL„CP„(P,J. 


Finally, note that 

m^((l = (1 < m^{P^{B,Y,X) = \\PnU^. 

Then (1—e) < limsup ||Pn||]c^ and ric^{f, 0) > 1/(1 —e) for all e > 0, giving that ric^{f, 0) = 

1 . 

In order to show that / is not M-compact at Ci, thanks to Proposition 3.4 it enough to 
show that the 2-homogeneous polynomial P 2 /(ei) in not M-compact. On the one hand, by 
[20, Example 5.4], we have that 

(2) A/(e.)W = £([2)FK-tjt. 

On the other hand, if we consider the u-linear operator An G C^{ii]X) given by 

An{zi, ...,Zn) = e[{zi)... e[{zn- 2 ) Y e'j{^n-l)e'j{^n)Xj, 

j=jn 

then we have Pn{z) = An{z,..., z) and, denoting by A'^ the n-linear operator given by 

• • • ) ^n) Ajj(Z(j(l)) • • • ; Z(j(^n))i 
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where a G iS„ is a permutation of n-elements, by [20, Proposition 1.6] we have 




creSn 


Since An{zi,..., Zn- 2 ,ei, Zn-i) = An{zi,...,Zn-i,ei) = 0 for all Zi,...,Zn-i e ii and 




3=Jn 


An{ei ^,z^) = we obtain that 

(3) 

Combining (2) with (3), we see that 

Jn+l-l 

P2f{ei){z) = Y^ 

n>2 j=j' 


jn+l-1 


Xi 


jyzfxj. 


Finally, since for every j G IN, P 2 f{ei)ej = Xj, it follows that the sequence {xj)j C 
-P 2 /(ei)( 5 q) and, since {xj)j is not ^-null, ^ 2 /( 61 ) fails to be ^-compact, and the result is 
proved. □ 


The next proposition states that, for a Banach operator ideal A, /Cyi is a non-closed 
Banach operator ideal if and only if there exist a Banach space X and a relatively compact 
set K (Z X such that K is not ^-compact. In particular, the above example, together with 
the next proposition, show that, we can not generalize (iv) implies (i) of Proposition 3.1 in 
the case of non-closed ^-compact operators ideals. 


Proposition 3.11. Let A be a Banach operator ideal. Then K,j, is a non-closed Banach 
operator ideal if and only if there exist a Banach space X and a relatively compact set in X 
which is not relatively A-compact. 


Proof. First, suppose that /C^ is non-closed. Then, there exist Banach spaces X and F, a 
sequence of .4,-compact operators (Tn)n G X_a(Y;X) and a operator G C(Y;X) such that 
(Tn)n converge in the usual norm to T, but T is not ^.-compact. Since every ^.-compact 
operator is, a compact operator, it follows that T G X(Y;X). Hence, K = T{By) is 
a relatively compact set in X which is not relatively ^.-compact. For the converse, take 
K G X a. relatively compact set which is not ^.-compact. By Lemma 3.8, there exist a 
sequence {xn)n £ Co{X) which is not 4,-compact. Consider the operator T-. ii ^ X given 
by T(e„) = Xn and extended by linearity and density. Is clear that T is a compact operator 
which is not ^.-compact. If 7 r„: —)■ ii is the projection to the hrst n-coordinates, then the 
sequence (T o 7 r„)„ C P{ii;X) (hence it belongs to X_a{£i,X)) and converges in the usual 
norm to T. This shows that /C^ is a non-closed operator ideal. □ 
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Now, let US consider the following space. For Banach spaces X and Y and a Banach 
operator ideal A, 

nljX; Y) = {fe n{X; Y ): PJ{x) G Vl^{X; F) V x G X, V n G IN}. 

By Proposition 3.4, we have the inclusion T-Lka Y and, in the case of ^ = /C, I-Lk = 

[6, Proposition 3.4]. However, under certain conditions, the identity Hka — 

not hold, as we show in the next example. The following construction is based on [18, 

Example 3.7] and [15, Example 10]. 

Example 3.12. Let X be a Banach space, A and B Banach operator ideals such that there 
exists a relatively B-compact set which is not A-compact. Then there exists an B-compact 
holomorphic mapping f G X) such that f G X), but f is not A compact at 

any z ^ £i. 


Proof. By Lemma 3.8, there exist a H-null sequence {xj)j C X and a increasing sequence 
1 = ji < 32 < is • • • such that, if = {xj„,Xj^+i ,..., then 

lim = 0 and lim = oo. 

m—>-oo m—)-oo 

For each n > 1, consider the n-homogeneous polynomial G P^{£i,X) dehned by 


in+l-l 

Pn{z) = ^ e'j{z)Xj. 
j=jn 


Then 


in+l 1 

-Pniks = ^b({ ^ e'j{zYxj \ z G i?£j};X) = nis{Ln]X), 


j=jn 

where the last equality follows from Lemma 3.9. Since ||Pn|| < ||-Pn||iCg) we have 

limsup < limsup ||Pn||^^g = limsup X)^/”' = 0. 

Now, combining [20, Example 5.4] and Corollary 3.6, we see that the holomorphic mapping 
/ = Pn is well dehned and is P-compact. Also, note that for all n G IN, P„ = P„/(0) 

is .4,-compact and, again by Lemma 3.9, we have 

limsup \\Pnf{0)\\]l2 = limsup = cx). 


Then, by Proposition 3.4, / is not ^.-compact at 0. 

Now, take any Zq & ii, Zq Y ^ und hx uq G IN. Since the n-symmetric multilineal operator 
associated to P„ is given by 

Pn{zi, ...,Zn)= ^ e'j{zi)e'j{z2) ■ ■ ■ e'j{Zn)Xj, 

j=jn 


for all 2 ; G we have 
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PnJ(.Z„)(z) = Y1 (i 


v’^O 

j=no 

OO / ■ \ in + l~l 

J 


no 




= E 

j=no '- j=jr 

We claim that Pnof{zo) is ^-compact. In fact, 

jn+l-l 

,({ V e'j{zay-’‘%(zrxj}:zeB,,},X) 


(4) 


mA{Pnof{zo){Bi;^,X) < ^ I ” ]mA 

— . . 

3=^0 J=Jn 

oo / ■ \ Jn+1 —1 

J 


3 


< 




no/ ^ 

j=no ' 4 

oo / . \ ira+1 —1 

J 


J-no I 


j=no 


no 


Y1 


\x-i 


j-no 


J=Jr. 


where C = sup^gj^ |la;j||. Denote by \Pji^)\- Since Zq G ii, {bn)n ^ h- This fact, 

shows that we can apply D’Alambert’s criterion to the last series of inequality (4) to show 
that it converge. Now, an application of Lemma 3.3 shows that Pn^f^zo) is ^-compact. 

Finally, to see that / is not ^-compact at Zo, just note that if we choose j G IN, < 
j < ino+n then PnJ{zo){ej) = Xj. Hence, C PnJ{zo){BiJ and arguing as we did at the 
beginning of the example, we conclude that / is not ^-compact at zo- □ 


In particular, the above example, together with Proposition 3.11, show that we can not 
generalize (ii) implies (i) and (iv) implies (iii) to the case of non-closed ^-compact operator 
ideals. Also, Example 3.12 shows that, in general, Pica S P-Ka- However, for X and 
Y Banach spaces, P]c^{X]Y) is r^^-dense in P^^{X;Y), where stands for the Nachbin 
topology. Following [15, Proposition 3.47], is a locally convex topology on P{X; Y) which 
is generated by the seminorms of the form 

OO 

(l{f) = Yl l|T’n/(0)(x)||, 

n=0 

where K ranges over all absolutely convex compact subsets of X and («„)„ over cq. 


Proposition 3.13. Let X and Y be Banach spaces and A a Banach operator ideal. Then, 
is Tuj- dense in P'^^{X-,Y). 

Proof. Let fo G and consider the Tt^-continuous seminorm q determined by K 

and {an)n 

OO 

<lif) = Yl l|T’n/(0)(x)||. 

n=0 
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Given e > 0, take rio G IN such that Yl°^=no^^^x^K+a^Bx \\Pnf{0){x)\\ < e and consider 
fo{x) = J2n°=o^ Note that /o G l-LiCj^^X-^Y) since it is a hnite sum of ^-compact 

polynomials. Then, the result follows from the inequality 

OO 

?(/o - /o) = sup ||P„/(0)(x)|| < £. 
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